The nuclear magnetic resonance ͑NMR͒ spectra for the I =3/2 23 Na cation dissolved into filamentous bacteriophage Pf1 solutions display line splittings and relaxation times consistent with an interaction between the 23 Na nuclear quadrupole moment and the electric field gradient produced by the negatively charged Pf1 particles. The 23 Na NMR line splittings and relaxation rates corresponding to magnetization recovery and single, double, and triple quantum coherence decays are measured in Pf1 solutions and compared to theoretical values. The deviation of the observed dc spectral density J͑0͒ from the equal first harmonic J͑ 0 ͒ and second harmonic J͑2 0 ͒ values as J͑ 0 ͒ = J͑2 0 ͒ J͑0͒ in these solutions suggests that ion migration in the electric field gradient of the Pf1 particles produces an anisotropic relaxation mechanism. Correlation functions and thus spectral densities for this process are calculated from solutions to the Fokker-Planck equation for radial motion in an electric potential and used to estimate measured relaxation rates. Appropriate electric potentials are generated from the solutions to the Poisson-Boltzmann equation for a charged Pf1 particle in aqueous phase, functions that lead to theoretical estimates of NMR line splittings consistent with experimental observations.
I. INTRODUCTION
Over the last few decades, nuclear magnetic resonance ͑NMR͒ spectroscopy has directly contributed to the understanding of biochemical phenomena, both through the routine structure determination of biomolecules 1 and by the study of time scales concerning biomolecular processes and motion. 2 In terms of biomolecular dynamics, nuclear spin relaxation times reflect the amount and type of motion in different macromolecular environments. 3 This motional discrimination is possible because NMR peak positions and splittings are used to determine average chemical structure, while molecular fluctuations effectively relax nonequilibrium nuclear spin populations and coherences-dynamics that can be measured directly from peak widths or from the recovery of time domain signals to Boltzmann equilibrium. 4 A situation where this method has not been fully exploited is in the study of the NMR spectra of ions with nuclear spin I Ͼ 1/2 bound to a larger biomolecule. [5] [6] [7] [8] [9] [10] [11] [12] Here the NMR spectra for the bound ion may be used to provide information about the electronic structure of the ion binding site from the perspective of the ion. This approach is of course in contrast to the usual high resolution NMR protocol where spectra for the I =1/2 1 H, 13 C, 15 N, etc., nuclei are used to assign the chemical structure of the framework surrounding the binding site, and electronic structure is inferred from these results. 1, 4 At first glance, it can be seen that the first order spectra and the second order relaxation properties of the I Ͼ 1 / 2 quadrupolar ions should be affected by their proximity to an aqueous phase macromolecule containing ionizable amino and nucleic acids and other asymmetric molecular charge distributions. Here the energy level structure of the quadrupolar nucleus is modified by an interaction with the gradient of these local electric potentials. It is the trade-off between the size of this quadrupolar coupling and the correlation time c of the fluctuation of this coupling that determines the characteristics of observable NMR signals. 4, 13 The two obvious limits not explored here are for ӷ 1/ c and isotropic motion with Ӷ 1/ c . The first case with ӷ 1/ c pertains to ions bound to molecules with completely arrested molecular motion as, for example, in a powdered solid. Even though several recent advances have developed the solid state NMR of quadrupolar nuclei into a powerful structural tool, [14] [15] [16] this approach was not adopted here since most interesting biological systems are not solids in their native state, and it is difficult to ensure that the observed NMR signals are from tightly bound ions instead of loosely associated background ions. 17 The opposite limit involving isotropic motion with Ӷ 1/ c corresponds to ions dissolved in aqueous solution where rapid changes in the ion coordination sphere result in featureless peaks in standard one dimensional NMR spectra and multiexponential relaxation trends for single 18 and multiple quantum transitions where the ͉⌬m I ͉ = 1 and ͉⌬m I ͉ Ͼ 1 selection rules apply. 8 Both the rigid solid and fast isotropic motion limits do not apply when large charged macromolecules are present in solution as dissolved mobile quadrupolar I Ͼ 1 / 2 ions access regions of both high and low electric field gradients and thus experience large fluctuations in the coupling constant that can effectively drive nuclear spin relaxation. Furthermore, the slow ͑relative to water͒ reorientation of the macromolecule places these fluctuations in a time regime that results in identifiable relaxation trends. In this limit two cases exist with ഛ 1/ c . The first case corre-sponds to slow isotropic motion where one NMR peak is observed regardless of the number of ͉⌬m I ͉ = 1 possible transitions available for the I Ͼ 1 / 2 nuclear spin. Here the isotropic motion still averages the field gradient at the nuclear spin to zero thus forcing the mean quadrupolar coupling constant to zero. However, in contrast to the extreme narrowing limit where the condition Ӷ 1/ c applies, the envelopes of the transient signals corresponding to the recovery of the observable coherences and populations to thermal equilibrium become multiexponential and often difficult to analyze. 8, 9 The second situation pursued here involves intentionally arrested anisotropic motion where an aqueous phase liquid crystalline array is used to partially order dissolved macromolecules and thus recover average quadrupolar couplings into liquid state NMR spectra. Here degenerate ͉⌬m I ͉ = 1 transitions in I Ͼ 1 / 2 ions separate, and multiple peaks are produced in one dimensional NMR spectra, an effect that permits the measurement of the dynamics of all of the ͑2I +1͒ ϫ ͑2I +1͒ density operator elements ͗I , m I ͉͑t͉͒I , m I Ј͘.
A previous paper 19 explored the origin of these residual quadrupolar splittings in the I =3/2 23 Na, 39 K, 79 Br, and 35 Cl NMR spectra for NaCl and KBr dissolved into the nematic phase of a solution of the 2 m longϫ 6.6 nm diameter cylindrical Pf1 bacteriophage. 20 The enormous size difference between the bacteriophage particle and the probe cation or anion coupled with the 7.6 C/cm 2 negative surface charge density permitted calculation of the electric potential, the average field gradient, and thus the residual quadrupolar splitting for ions in the void space between aligned Pf1 rods by a numerical solution to the Poisson-Boltzmann equation. The one dimensional 23 Na NMR spectrum obtained at B 0 = 9.4 T shown in Fig. 1 illustrates these residual quadrupolar splittings for NaCl dissolved into 30.7± 13.5 mg/ ml in ͑a͒ and 15.3± 6.8 mg/ ml in ͑b͒ Pf1 solutions.
The initial goal of the study reported here was to measure the transient signals corresponding to the recovery of the populations and coherences for the I =3/2 23 Na nuclear spin in NaCl dissolved into Pf1 solution and to relate these relaxation parameters to the electrical properties of the void space between Pf1 particles using standard Redfield relaxation theory. 21 The residual quadrupolar splittings shown in Fig. 1 permit the application of standard NMR pulse sequences that can be used to measure transient signals that correspond to matrix elements of the nuclear spin density operator ͑t͒. Specifically the evolution of the center band P cent ͑t͒ = ͗3/2,1/2͉͑t͉͒3/2,1/2͘ − ͗3/2,−1/2͉͑t͉͒3/2,−1/2͘ and satellite P sat ͑t͒ = ͗3/2,3/2͉͑t͉͒3/2,3/2͘ − ͗3/2,1/2͉͑t͉͒3/2,1/2͘ population differences, the center band C cent ͑t͒ = ͗3/2,1/2͉͑t͉͒3/2,−1/2͘ coherence, the satellite C sat ͑t͒ = ͗3/2,3/2͉͑t͉͒3/2,1/2͘ + ͗3/2,−1/2͉͑t͉͒3/2,−3/2͘ coherence, the double quantum C dq ͑t͒ = ͗3/2,3/2͉͑t͉͒3/2, −1/2͘ + ͗3/2,1/2͉͑t͉͒3/2,−3/2͘ coherence, and the triple quantum C tq ͑t͒ = ͗3/2,3/2͉͑t͉͒3/2,−3/2͘ coherence can be selectively explored. For the sake of clarity, labels corresponding to these signals are included in Fig. 1 where appropriate and in the energy level diagram shown Fig. 2 for an I =3/2 spin. In the course of measuring the recovery of these transient signals to Boltzmann equilibrium, it was noticed that standard relaxation theory using exponential correlation functions with the concomitant Lorentzian spectral density functions could not explain the measured nuclear spin relax-
FIG. 1. Examples of the 23
Na NMR spectra obtained at B 0 = 9.4 T for a 30.7± 13.5 mg/ ml Pf1 solution in ͑a͒ and a 15.3± 6.8 mg/ ml Pf1 solution in ͑b͒. The dashed lines are included in the figure to emphasize the change in the quadrupole satellite splitting with Pf1 concentration while the labels indicate the center band and satellite peaks used to experimentally obtain the time dependence for the calculated P cent ͑t͒ and P sat ͑t͒ populations and the C cent ͑t͒ and C sat ͑t͒ coherences.
FIG. 2.
Energy level diagram for an I =3/2 nucleus in the presence of both a static magnetic field and a residual quadrupolar coupling. The population and coherence labels are included to relate the measured and calculated observables to energy level structure. ation rates. Specifically the C sat ͑t͒ and C dq ͑t͒ transient signals damped to zero much faster than anticipated regardless of the choice of c with respect to the Larmor frequency 0 in the isotropic spectral density functions.
The purpose of this manuscript is to explain the origin of the deviation of the C sat ͑t͒ and C dq ͑t͒ lifetimes from those anticipated on the basis of the standard isotropic phase nuclear spin relaxation formalism. It is shown that for Pf1 particles aligned parallel to an applied magnetic field B 0 , the radial diffusion of sodium cations in the gradient causing the residual 23 Na quadrupolar splitting establishes an additional relaxation mechanism specifically affecting the C sat ͑t͒ and C dq ͑t͒ transient signals. The manuscript is organized so that readers well versed in nuclear spin relaxation theory and nonequilibrium statistical mechanics can skip to more relevant sections regarding the calculation of specific contributions to the measured signals. The next section highlights the relaxation formalism pioneered by Redfield 13, 21, 22 in order to introduce the notation used throughout the manuscript. The third section reviews standard isotropic nuclear spin relaxation and serves as an introduction to the statistical mechanics embodied by the Fokker-Planck equation. Section IV explains how to use numerical solutions to the PoissonBoltzmann equation coupled with the Fokker-Planck equation to calculate the relaxation dynamics of the density operator corresponding to an I =3/2 23 Na nucleus in the nematic phase of the Pf1 bacteriophage. The fifth section reduces the dynamics of the density operator formalism generated in Sec. II-IV into experimentally obtainable populations and coherences. Section VI describes relevant experimental details, and the results of the experiments are surveyed in Sec. VII. Finally, Sec. VIII compares experimental observations with theory.
II. SUPEROPERATOR FRAMEWORK
A starting point for understanding the peak positions, amplitudes, and widths in the NMR spectrum for an I Ͼ 1 / 2 nucleus in aqueous phase is the Liouville-von Neumann equation
written in a Liouville space spanned by ͑2I +1͒ 2 basis vectors that combine to form the density operator vector ͉͑ , ⍀ , t͒͒. It should be clear that the Hamiltonian superoperator Ĥ ͑ , ⍀ , t͒ in Liouville space can be related to the Hamiltonian operator H͑ , ⍀ , t͒ in Hilbert space spanned by the 2I +1 ͉I , m I ͘ spin states as Ĥ ͑ , ⍀ , t͉͒͑ , ⍀ , t͒͒ = ͉͓H͑ , ⍀ , t͒ , ͑ , ⍀ , t͔͒͒. Special care has been taken in Eq. ͑2.1͒ to illustrate the dynamic variables in the problem. Here fluctuations in local chemical structure can modify both the strength and the angular dependence ⍀ = ͕ , , ͖ of the interaction energy described by the Hamiltonian superoperator Ĥ ͑ , ⍀ , t͒, an effect that translates into the density operator vector ͉͑ , ⍀ , t͒͒ at the time t. According to the standard approach, 13, 21, 22 Eq. ͑2.1͒ can be rewritten in terms of the deviation of the Hamiltonian Ĥ ͑ , ⍀ , t͒ from its average,
where P͑ , ⍀ , t͒ is a time dependent probability distribution function of and ⍀ values, as
͑2.3͒
Solving this equation to second order in Ĥ ͑ , ⍀ , t͒ followed by performing an average over the dynamic variables and ⍀ yields an equation 13, 21, 22 describing the time dependence of the average density operator vector ͉͑t͒͒ as
where the effective Hamiltonian and the relaxation superoperators are given by can be determined once the probability distribution function P͑ , ⍀ , t͒ and the joint probability distribution function P͑ , ⍀ , t ͉ Ј , ⍀Ј , tЈ͒ are defined. The formalism described above considers a classical lattice, thus Eq. ͑2.4͒ is missing the anticipated recovery to thermal equilibrium where ͉ eq ͒ = ͉e −h 0 I z /kT ͒. As described in detail by Goldman, 22 a quantum mechanical model for the lattice naturally accounts for thermal equilibrium and yields Eq. ͑2.4͒ with an added equilibrium term as
Knowledge of the averages in Eqs. ͑2.2͒, ͑2.7͒, and ͑2.8͒ allows the dynamics embodied in ͉͑t͒͒ to be calculated from the initial density operator vector elements ͉͑0͒͒ and the solution to Eq. ͑2.9͒. In turn, ͉͑t͒͒ can be used to determine the time domain signal pertaining to any observable operator O as
where the trace operation indicated by Tr is performed in Hilbert space. The Liouville space equivalent of this trace operation shown on the right hand side of Eq. ͑2.10͒ can be found from the row vector ͑O͉ corresponding to the Hilbert space operator O as
where 1 = is the unit operator spanning the 2I + 1 dimensional Hilbert space and ͑1 = ͉ is the unit operator vector in Liouville space, i.e., a 1 ϫ ͑2I +1͒ 2 row vector. In the special case where O is the raising I +1 or lowering I −1 operator, the complex free induction signal is recovered, a result that yields the observed one dimensional NMR spectrum upon Fourier transformation. The next sections consider specific examples where this machinery is used to understand observed NMR spectra.
III. RELAXATION IN ISOTROPIC SOLUTION
As a first example, consider an I Ͼ 1 / 2 nuclear spin interacting with an electric field gradient ٌ 2 V in isotropic solution. Here the term "isotropic" implies that on the NMR time scale of 2 / 0 Ϸ ns− s defined by the nuclear Larmor frequency 0 , random, incoherent molecular tumbling averages all of the directional properties in the rotating frame Hamiltonian 13, 23 
to zero. Here the magnitude of the coupling constant is = ͑1−␥ ϱ ͒eQV zz /4I͑2I −1͒ប, where ͑1−␥ ϱ ͒ is the Sternheimer antishielding factor, e is the fundamental charge, Q is the quadrupole moment of the I Ͼ 1 / 2 nucleus, V zz is the largest principal axis component of the field gradient tensor ٌ 2 V, V is the electric potential at the nucleus due to applied electric fields and nearby charges, and ប is Planck's constant divided by 2. The spatial functions R q
͑2͒ ͑⍀͒͒ in Eq. ͑3.1͒ are written in terms of elements of the Wigner rotation matrix D q,0 ͑2͒ ͑⍀͒ and the asymmetry parameter = ͑V xx − V yy ͒ / V zz that describe the shape of the field gradient tensor ٌ 2 V in its principal axis system. 13, 23 The elements of the Wigner rotation matrix provide the angular relationship between the principal axis system of the field gradient tensor and the laboratory frame defined by the static magnetic field along the +z direction. 13, 23 Finally, the T q ͑2͒ spin superoperators in Eq. ͑3.1͒ can be calculated from the irreducible components of the spin operators in Hilbert space
The usual consideration of spatial isotropy for low ionic strength salt solutions only applies for times in excess of 2 / 0 , although from the point of view of an ion with an I Ͼ 1 / 2 nuclear spin, the environment is anisotropic on time scales much less than 2 / 0 . For example, in the case where six water molecules surround the ion as shown in Fig. 3 , deviations of the ligand field from pure octahedral in an incoherent fashion due to thermally mediated diffusion, molecular vibrations, or the exchange of water into and out of the first coordination sphere of the ion cause changes in both the magnitude and the direction of V zz with respect to the static magnetic field along the +z direction. These short-time changes translate into random, incoherent, and statistically independent changes in and ⍀ in Eq. ͑3.1͒. Consequently, the joint and initial probability distributions are separable 
As mentioned by Abragam, 13 the functional form of the angular joint probability distribution function P͑⍀ , t ͉ ⍀Ј , tЈ͒ can be obtained from the solution to the rotational diffusion equation. This rotational diffusion equation in terms of the angular portion of the Laplacian in spherical coordinates ٌ ⍀ 2 and the time constant ⍀ is given by
and is a special case of the general Fokker-Planck equation in the limit that the drift coefficient is zero. 24 The solution to Eq. ͑3.4͒ is given by
an equation that dictates that at equilibrium lim t Ј −t→ϱ P͑⍀ , t ͉ ⍀Ј , tЈ͒ = 1, and there is an equal probability of finding any angle ⍀ regardless of the initial angle choice ⍀Ј.
The functional form of the joint probability distribution for the magnitude of the coupling constant P͑ , t ͉ Ј , tЈ͒ is described by a different differential equation that includes the physical fact that there is not an equal probability of finding any value of given specific values of Ј at equilibrium. In contrast to P͑⍀ , t ͉ ⍀Ј , tЈ͒, the distribution of equilibrium couplings for an ion-free in solution is clustered about = Ј with mean square width D . Here D is a spectral diffusion coefficient, is the time constant for diffusion in a parabolic potential 2 / 2, where = kT /2D , k is the Boltzmann constant, T is the temperature, and
The solution to this equation for P͑ , t ͉ Ј , tЈ͒ can be determined by analogy to the change in velocity for a particle undergoing Brownian motion as P͑,t͉Ј,tЈ͒ = 1
͑3.7͒
In comparison to Eq. ͑3.5͒ where lim t Ј −t→ϱ P͑⍀ , t ͉ ⍀Ј , tЈ͒ = 1 at equilibrium, the similar limit of Eq. ͑3.7͒ is lim t Ј −t→ϱ P͑ , t ͉ Ј , tЈ͒ = exp͓− 2 /2D ͔ reflecting the parabolic potential 2 / 2 that groups possible coupling values around the most probable value at =0.
The joint probability distributions in Eqs. ͑3.5͒ and ͑3.7͒ can be used in Eqs. ͑2.2͒ and ͑2.8͒ to reduce ͗Ĥ ͑t͒͘ to zero and the correlation superoperator to
͑3.8͒
where the correlation function
is independent of the index q with 1 / c =6/ ⍀ +1/ . The averages over the product of Wigner rotation matrix elements and the square of the coupling constant involve the initial isotropic angular distribution and the initial Gaussian coupling distribution, respectively. As shown in Eqs. ͑2.5͒ and ͑2.6͒, the effective Hamiltonian and relaxation superoperators are proportional to the integral of Eq. ͑3.8͒ over the time tЈ or equivalently the Fourier transform or spectral density of g iso ͑tЈ − t͒ defined by
͑3.10͒
Inserting this relationship into Eqs. ͑2.5͒ and ͑2.6͒ yields the effective Hamiltonian
and the relaxation superoperator
͑3.12͒
equations that can be used to model the dynamics of an I Ͼ 1 / 2 system in isotropic phase.
IV. LIQUID CRYSTALLINE Pf1 BACTERIOPHAGE
Although the physical situation is much different for an ion in the liquid crystalline phase of solutions of the Pf1 bacteriophage in comparison to the isotropic phase, the mathematical machinery necessary to describe the frequency shifts and relaxation times for an I Ͼ 1 / 2 ion is identical. Here the same spin Hamiltonian superoperators are present, but the different effective Hamiltonian and relaxation superoperators reflect corresponding differences in the average ͗Ĥ ͑t͒͘ and the correlation ͗Ĥ ͑tЈ͒Ĥ ͑t͒͘ superoperators due Nuclear spin relaxation of Na + J. Chem. Phys. 125, 244509 ͑2006͒
to modifications to the probability distribution P͑ , ⍀ , t͒ and to the joint probability distribution P͑ , ⍀ , t ͉ Ј , ⍀Ј , tЈ͒. Most liquid crystals used to recover residual couplings in biological macromolecules have charged macromolecular building blocks that are uniformly spaced, are completely aligned by the static magnetic field used for the observation of magnetic resonance, and are several orders of magnitude larger than an ion in solution. The combination of these facts suggests that it is safe to truncate the problem of determining the electric potential near the surface of the cationic, anionic, or zwitterionic building block to a treatment of an ensemble of identical cells whose boundaries are established by the symmetry of the liquid crystalline building blocks, e.g., cylindrical for the Pf1 bacteriophage.
11, 25 The results of this cell model applied to the charged Pf1 surface suggest that an electric potential V͑r͒ is launched into the cylindrical void space or cell between longitudinally aligned rodlike building blocks. This potential will have a maximum absolute value near the Pf1 surface and decay towards zero as a function of displacement into the void space. 25, 26 It is the presence of this type of potential, or more specifically the corresponding macroscopic field gradient ٌ 2 V͑r͒, that leads to residual quadrupolar couplings in the one dimensional spectra for I Ͼ 1 / 2 nuclei dissolved into aqueous phase liquid crystals with building blocks that are massive in comparison with the free ion size. 19, 27, 28 In addition, translational diffusion of the I Ͼ 1 / 2 nuclear spins in the macroscopic field gradient ٌ 2 V͑r͒ can lead to relaxation. The difference in time scale between the processes responsible for the relaxation in isotropic phase mentioned above and the effect of one dimensional translational diffusion in the macroscopic field gradient ٌ 2 V͑r͒ suggests that the effects of these two types of relaxation can be treated separately. In other words, the effect of alignment on the observed spectrum and the relaxation properties of an I Ͼ 1 / 2 spin corresponds to an additive deviation of these properties from their isotropic values. Consequently, an analysis of the probability distribution function for the quadrupolar coupling due to ٌ 2 V͑r͒ is all that is necessary to compute this deviation since rod = ͑1−␥ ϱ ͒eQٌ 2 V͑r͒ /4I͑2I −1͒ប. To begin consider a 2 m longϫ 6.6 nm diameter Pf1 particle with surface charge density − aligned parallel to an applied static magnetic field. The liquid crystalline ordering permits the definition of a cylindrical cell characterized by the average distance between rods 2R, as shown in Fig.  4 . 11, 20, 25 The shape of the potential V͑r͒ reflects the number of free positive and negative ions per unit volume N + and N − suspended in a medium of dielectric constant and can be described by the nonlinear Poisson-Boltzmann equation,
with the boundary conditions dV͑r͒ / dr =− / at r = 0 and dV͑r͒ / dr =0 at r = R. Although analytical solutions are available for V͑r͒ in Eq. ͑4.1͒ with N − = 0, they cannot be naturally extended to the case involving added salt as the ͑eN − / ͒e eV͑r͒/kT term is present on the right hand side of Eq. ͑4.1͒. Furthermore since the Debye-Hückel limit does not apply in most liquid crystal solutions since eV͑r =0͒ ӷ kT, 19, 27 a numerical solution to Eq. ͑4.1͒ must be used to determine V͑r͒ and thus the gradient V rr ͑r͒ = ٌ 2 V͑r͒ = ͑1/r͒ ‫ץ͑‬ / ‫ץ‬r͒ ͑r‫ץ‬V͑r͒ / ‫ץ‬r͒, the critical parameter in the laboratory frame spin Hamiltonian,
͑4.2͒
where the +z axis is defined by the applied static magnetic field B 0 parallel to the long axis of the aligned Pf1 particles and Ṽ ͑r͒ is the field gradient tensor in the laboratory frame written in terms of the r, , and k orthogonal cylindrical coordinates. Realizing that Î r = Î x + Î y allows the laboratory frame Hamiltonian in Eq. ͑4.2͒ to be transformed into the rotating frame and rewritten in terms of irreducible tensor operators as Ĥ ͑r,t͒ = − rod ͩ4ͱ
͑4.3͒
It is important to note that the Pf1 induced coupling rod = ͑1−␥ ϱ ͒eQV rr ͑r͒ /4I͑2I −1͒ប depends on the variable r and thus the ͗ rod ͘ and ͗ rod Ј rod ͘ averages necessary to define experienced by the spins, equations that can be used to determine Ĥ eff and ⌫ eff from the correlation function,
͑4.7͒
and its spectral density,
͑4.9͒
and
where the slowly varying modulus approximation 29 has been applied.
A comparison of the effective Hamiltonian in Eq. ͑4.9͒ to that shown in Eq. ͑3.11͒ indicates that the alignment not only recovers a new term due to the T 0 ͑2͒ and T 0 ͑0͒ superoperators reflecting a nonzero ͗V rr ͘ value but also a new dynamic frequency shift proportional to Im͕J rod ͑2 0 ͖͒. A similar comparison of the effective relaxation superoperator in Eq. ͑4.10͒ to that shown in Eq. ͑3.12͒ reveals a similar parallel between relaxation in the isotropic phase and in the ordered phase. In fact, a comparison of the matrix elements of Eq. ͑4.9͒ with Eq. ͑3.11͒ and those of Eq. ͑4.10͒ with Eq. ͑3.12͒ in the I =3/2 case indicates that the deviation of the dynamic frequency shift in the effective Hamiltonian and the relaxation superoperators from their isotropic values due to the charged Pf1 particles can be accounted for by a change in the dc and second harmonic isotropic spectral densities to
while J iso ͑ 0 ͒ is left unchanged by the alignment.
FIG. 5.
23
Na NMR pulse sequences used to obtain the P cent ͑t͒, P sat ͑t͒, C cent ͑t͒, C sat ͑t͒, C dq ͑t͒, and C tq ͑t͒ transient signals from spectra like those shown in Fig. 1 . Population information is obtained using the inversion recovery pulse sequence in ͑a͒ while the time behavior of the single quantum coherence is determined from the spin echo experiment in ͑b͒. The phase cycles shown below these pulse sequences where 0 = x, 90=y, 180 = x, and 270= ȳ are used to select the desired coherence, the double quantum coherence in ͑c͒, and the triple quantum coherence in ͑d͒.
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V. NMR OBSERVABLES
Equations ͑4.11͒ and ͑4.12͒ suggest that diffusion in the field gradient established by the Pf1 polyelectrolyte creates both a relaxation mechanism proportional to J rod ͑0͒, which is by definition real, and the real part of J rod ͑2 0 ͒ as well as a second order energy correction depending on the size of the imaginary part of J rod ͑2 0 ͒ via Eq. ͑4.9͒. A quick reference to the 23 Na NMR spectra shown in Fig. 1 indicates that the satellite transitions are equally disposed about the central transition, thus the contribution of Im͕J rod ͑2 0 ͖͒ to Ĥ eff in Eq. ͑4.9͒ and Im͕J iso ͑n 0 ͖͒ to Ĥ eff in Eq. ͑3.11͒ can be safely neglected. Therefore, an ion moving in the void space between Pf1 particles will relax at rates described by the real parts of the J͑0͒, J͑ 0 ͒, and J͑2 0 ͒ spectral densities that constitute the matrix elements of ⌫ eff and display NMR line shifts proportional to the average ͗ rod ͘ values that occupy the matrix elements of Ĥ eff . Since the imaginary parts of both the J iso ͑n 0 ͒ and J rod ͑n 0 ͒ spectral densities are experimentally negligible with reference to Fig. 1 , in what follows the J͑n 0 ͒ spectral densities that occupy the I =3/2 16ϫ 16 relaxation superoperator ⌫ eff are taken as real. Since most of the 256 matrix elements in the I =3/2 Ĥ eff and ⌫ eff superoperators are zero, the commuting sub-blocks of these matrices will be isolated and used to relate the residual quadrupole coupling ͗ rod ͘ and the spectral densities J͑n 0 ͒ to the P cent ͑t͒, P sat ͑t͒, C cent ͑t͒, C sat ͑t͒, C dq ͑t͒, and C tq ͑t͒ transient signals produced by the four rf pulse sequences shown in Fig. 5 . Indeed it is the presence of the residual splitting that is proportional to the average ͗ rod ͘ value that permits measurements of these two populations and four coherences in the I =3/2 case.
A. The inversion recovery
The simplest pulse sequence explored in this study is the inversion recovery experiment 30 shown in Fig. 5͑a͒ . Here a rf pulse inverts the 23 Na thermal equilibrium populations, and a / 2 rf pulse applied at the time t later is used to interrogate the recovery of these populations to thermal equilibrium. At short times an inverted triplet 23 Na spectrum is observed that transforms into an absorption phased triplet spectrum at longer times t. The three peaks in the 23 Na NMR spectrum permit the measurement of two independent rates, the recovery of center band P cent ͑t͒ and satellite P sat ͑t͒ populations. In order to compare to experiment, Eq. ͑2.11͒ is repeatedly applied to extract the time dependence of the appropriate ͗3/2,m I ͉͑t͉͒3/2,m 1 ͘ matrix elements generating 
͑5.1͒
where the matrix ⌫ pop is given by
͑5.2͒
and the factor ␥ Q =6͗ 2 ͘ ͑6+2 2 ͒ / 5 relates the J͑n 0 ͒ spectral densities to measured rates for an I =3/2 spin system. In order to compare Eqs. ͑5.1͒ and ͑5.2͒ to experimentally obtained signals, the additional population difference P out ͑t͒ = ͗3/2,3/2͉͑t͉͒3/2,3/2͘ − ͗3/2,−3/2͉͑t͉͒3/2,−3/2͘ must be defined. This linear combination along with the definition of P cent ͑t͒ and P sat ͑t͒ mentioned in Sec. I and with the appropriate P cent eq , P sat eq , and P out eq equilibrium population differences in terms of the diagonal matrix elements of eq reduce Eq. ͑5.1͒ to
͑5.3͒
where the matrix ⌫ z is given by
͑5.4͒
This equation can be further simplified by realizing that J͑ 0 ͒ + J͑2 0 ͒ ӷ J͑ 0 ͒ − J͑2 0 ͒ and used to determine the transient signal for the center band population,
and the satellite population,
produced with the inversion recovery pulse sequence where P cent ͑0͒ and P sat ͑0͒ correspond to the initial population differences. The P cent ͑t͒ and P sat ͑t͒ signal decay rates shown in Eqs. ͑5.5͒ and ͑5.6͒ are reproduced in Table I .
B. The spin echo
The second, two rf pulse sequence, the spin echo, 31 is shown in Fig. 5͑b͒ . The / 2 rf pulse creates observable magnetization, while the rf pulse applied at the time t / 2 later refocuses inhomogeneous magnetic fields and chemical shifts at the time t allowing only Ĥ eff and ⌫ eff to affect the transient signal. Observation of the transient signal beginning at the time t / 2 after the rf pulse yields a triplet spectrum where the center band coherence C cent ͑t͒ decays in an exponential fashion and the satellite coherence C sat ͑t͒ both decays and oscillates as a function of the time t. Again, Eq. ͑2.11͒ is used to extract the relevant portions of the full Liouville equation to yield
with the scaling factor
with the matrix
͑5.10͒
for the time dependence of the matrix elements of ͑t͒ that correspond to the center band C cent ͑t͒ and satellite C sat ͑t͒ coherences, respectively. The time dependence of the center band coherence C cent ͑t͒ is directly obtained from Eqs. ͑5.7͒ and ͑5.8͒ as
where C cent ͑0͒ is the t = 0 initial center band coherence amplitude created by the spin echo pulse sequence. The timedependence of the satellite coherence C sat ͑t͒ can be obtained by realizing that, since the quadrupolar satellites are resolved in Fig. 1 , ͗ rod ͘ Ͼ ␥ Q J͑n 0 ͒. This fact reduces the matrix shown in Eq. ͑5.10͒ to the diagonal elements to first order in perturbation theory yielding the transient satellite signal as
where C sat ͑0͒ is the t = 0 initial satellite coherence amplitude established by the spin echo pulse sequence. Again, the decay rates for the C cent ͑t͒ and C sat ͑t͒ signals are provided in Table I .
C. The double quantum filter
The third, more complicated pulse sequence shown in Fig. 5͑c͒ , is used to create double quantum coherence C dq ͑0͒, evolve the double quantum coherence into C dq ͑t͒, and convert the double quantum coherence into an observable signal. The phase cycle shown in Fig. 5͑c͒ was chosen to select for only C dq ͑t͒ during the evolution delay t, the three rf pulses are used to refocus both chemical shifts and inhomogeneous magnetic fields in the preparation, evolution, and detection windows of the pulse sequence, and the time periods are chosen to maximize the formation and detection of multiple quantum coherence. 4 This particular experiment produces a dispersive spectrum that both damps and oscillates as a function of the time t shown in Fig. 5͑c͒ . In analogy to the inversion recovery and the spin echo cases just described, Eq. ͑2.11͒ is used to extract the relevant portions of the full Liouville equation for the double quantum matrix elements as
where the matrix L dq is given by
͑5.14͒
244509-9 Nuclear spin relaxation of Na Again, the triplet 23 Na NMR spectra shown in Fig. 1 imply that ͗ rod ͘ Ͼ ␥ Q J͑n 0 ͒ which means that first order perturbation theory can be safely applied to ultimately yield
͑5.15͒
where C dq ͑0͒cos =2/ ͱ 5C dq ͑0͒ labels the double quantum signal amplitude initially established by the double quantum pulse sequence shown in Fig. 5͑c͒ applied to an I =3/2 spin, and the ␥ Q ͑J͑0͒ + J͑ 0 ͒ + J͑2 0 ͒͒ decay rate is provided in Table I .
D. The triple quantum filter
The final pulse sequence explored in this study is shown in Fig. 5͑d͒ and considers the creation and evolution of triple quantum coherence. Comparison to Fig. 5͑c͒ indicates that the pulse sequence timing is identical but the rf phase cycle is different, here designed to select only for the triple quantum signal during the time t. Again dispersive spectra are produced that damp to zero as a function of the time t, and Eq. ͑2.11͒ is used to extract the portions of ⌫ eff that correspond to the triple quantum signal as
where the scaling factor is given by
and the solution
applies where C tq ͑0͒ labels the t = 0 signal amplitude created by the triple quantum pulse sequence shown in Fig. 5͑d͒ , and the decay rate is included in Table I .
VI. EXPERIMENT
Filamentous bacteriophage Pf1 was grown using the procedure outlined in Ref. 32 , and sodium chloride was obtained from Aldrich chemical company and used without further purification. Two separate samples were prepared from a 61.3± 27.0 mg/ ml Pf1 stock solution with a concentration established in the usual way by exploring the ultraviolet absorption properties of serial dilutions. The 30.7± 13.5 mg/ ml Pf1 solution was prepared by diluting 250± 7 l of the Pf1 stock solution with 250± 7 l of a solution prepared from 235± 7 l of water mixed with 15.0± 0.4 l of a 5.09± 0.03M NaCl solution. The 15.3± 6.8 mg/ ml Pf1 solution was prepared by diluting 125± 4 l of the Pf1 stock solution with 375± 9 l of a solution prepared from 360± 8 l of water mixed with 15.0± 0.4 l of a 5.09± 0.03M NaCl solution. In this way the separate 30.7± 13.5 and the 15.3± 6.8 mg/ ml Pf1 solutions had the same 153± 6 mM added NaCl concentration. All 23 Na NMR spectra at Larmor frequencies of 105.83 and 78.13 MHz were obtained using homebuilt NMR spectrometers operating at magnetic field strengths of 9.4 and 6.95 T, respectively. All numerical simulations, data processing, linear regressions, and spectral analyses were accomplished using MATLAB.
VII. RESULTS
The primary theoretical results of this study are summarized in Eqs. ͑4.11͒ and ͑4.12͒ where it is shown that diffusive motion in the field gradient ٌ 2 V͑r͒ mediated by the electrical force field F =−edV͑r͒ / dr established by the Pf1 particles provides a fluctuating quadrupolar coupling rod thus a source of nuclear spin relaxation. The size of the contribution of J rod ͑0͒ and J rod ͑2 0 ͒ to the observed J͑0͒ and J͑2 0 ͒ values depends on the time scale of motion or equivalently the effective translational diffusion constant in the charged void space between Pf1 particles and the shape of the correlation function g rod ͑t͒ in comparison to g iso ͑t͒. The correlation time in the range psϽ c Ͻ ns that describes g iso ͑t͒ corresponds to very rapid changes in the local ligand sphere surrounding the metal ion, as shown in Fig. 3 . Thus the Fourier transform that provides the spectral density will be peaked at zero and have substantial amplitude at the 0 and 2 0 frequencies. On the other hand, the slower microsecond to millisecond time scale diffusion in the ٌ 2 V͑r͒ field gradient will provide a sharp peak at zero frequency in the Fourier transform of g rod ͑t͒ with little or no amplitude at 2 0 . Application of these facts to Eqs. ͑4.11͒ and ͑4.12͒ suggests that the spectral density J͑0͒ will still have a contribution from J rod ͑0͒ but J͑2 0 ͒ reduces to just J iso ͑2 0 ͒. Therefore, the liquid crystalline phase of Pf1 yields first order splittings and second order decays proportional to ͗ rod ͘ and J rod ͑0͒, respectively.
This theoretical prediction was verified experimentally at B 0 = 9.4 and 6.95 T for two separately prepared Pf1 concentrations having the same NaCl content. The transients obtained at B 0 = 9.4 T shown in Figs. 6͑a͒-6͑f͒ for a 30.7± 13.5 mg/ ml Pf1 sample and in Figs. 6͑g͒-6͑l͒ for a 15.3± 6.8 mg/ ml Pf1 sample, respectively, correspond to the P cent ͑t͒, P sat ͑t͒, C cent ͑t͒, C sat ͑t͒, C dq ͑t͒, and C tq ͑t͒ transient signals. Transient signals for these same two samples were also obtained at lower magnetic field. The transients obtained at B 0 = 6.95 T shown in Figs. 7͑a͒-7͑f͒ for the 30.7± 13.5 mg/ ml Pf1 sample and in Figs. 7͑g͒-7͑l͒ for the 15.3± 6.8 mg/ ml Pf1 sample, respectively, correspond to the P cent ͑t͒, P sat ͑t͒, C cent ͑t͒, C sat ͑t͒, C dq ͑t͒, and C tq ͑t͒ transient signals. The data shown in Fig. 6 are examples of one of five separate measurements used to provide error estimates on all extracted parameters while those shown in Fig. 7 
VIII. DISCUSSION
The reduced data shown in Table II indicate that fitting the experimental data to the appropriate Eqs. ͑5.5͒, ͑5.6͒, ͑5.11͒, ͑5.12͒, and ͑5.15͒ or ͑5.18͒ yields ͗ rod ͘, ␥ Q J͑0͒, ␥ Q J͑ 0 ͒, and ␥ Q J͑2 0 ͒ values within experimental error of the estimates made by direct simulation, observations consistent with the application of the statistical F-TEST ͑Ref. 33͒ to both approaches. Two interesting features of both the FIT and SIM reduced data shown in Table II are the magnetic field independence of the ͗ rod ͘, J͑ 0 ͒, and J͑2 0 ͒ values and the increased error in nearly all of the measured parameters at the lower 6.95 T magnetic field strength. The lack of field variability in the measured residual quadrupolar coupling constant ͗ rod ͘ or equivalently the observed residual quadrupolar splitting suggests that the Pf1 alignment in both the 30.7± 13.5 and the 15.3± 6.8 mg/ ml Pf1 samples is saturated along the +z direction, consistent with previous 2 H NMR measurements. 34 The field independence and the simi- Na transient NMR signals measured at B 0 = 9.4 T for a 30.7± 13.5 mg/ ml Pf1 sample in ͑a͒-͑f͒ and a 15.3± 6.8 mg/ ml Pf1 sample in ͑g͒-͑l͒. The recoveries of the center band P cent ͑t͒ and the satellite P sat ͑t͒ populations from the inverted state are shown in ͑a͒ and ͑g͒ and ͑b͒ and ͑h͒, respectively. The similar decays of the center band C cent ͑t͒ and the satellite C sat ͑t͒ single quantum coherences are shown in ͑c͒ and ͑i͒ and ͑d͒ and ͑j͒, respectively. Finally, the time dependences of the double quantum C dq ͑t͒ and the triple quantum C tq ͑t͒ coherences are shown in ͑e͒ and ͑k͒ and ͑f͒ and ͑l͒, respectively.
FIG. 7. Examples of 23
Na transient NMR signals measured at B 0 =6.95 T for a 30.7± 13.5 mg/ ml Pf1 sample in ͑a͒-͑f͒ and a 15.3± 6.8 mg/ ml Pf1 sample in ͑g͒-͑l͒. The recoveries of the center band P cent ͑t͒ and the satellite P sat ͑t͒ populations from the inverted state are shown in ͑a͒ and ͑g͒ and ͑b͒ and ͑h͒, respectively. The similar decays of the center band C cent ͑t͒ and the satellite C sat ͑t͒ single quantum coherences are shown in ͑c͒ and ͑i͒ and ͑d͒ and ͑j͒, respectively. Finally, the time dependences of the double quantum C dq ͑t͒ and the triple quantum C tq ͑t͒ coherences are shown in ͑e͒ and ͑k͒ and ͑f͒ and ͑l͒, respectively.
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Nuclear spin relaxation of Na + J. Chem. Phys. 125, 244509 ͑2006͒ larity of the measured J͑ 0 ͒ and J͑2 0 ͒ values shown in Table II initially suggest that the isotropic phase extreme narrowing condition is satisfied, a situation with implications discussed in detail below. The increased error observed at lower magnetic field in the data shown in Table II is a consequence of the reduced number of experiments ͑2͒ used to establish error estimates at lower field in comparison with the increased number of experiments ͑5͒ used at higher field. The most serious aberrant error estimate in Table II is at low field for the 30.7± 13.5 mg/ ml Pf1 sample where the FIT value of ␥ Q J͑0͒ = 42± 20 s −1 is reported. The increased error of ±20 s −1 for the estimate of ␥ Q J͑0͒ due to fitting the experimental data to Eqs. ͑5.12͒ and ͑5.15͒ is reduced by over a factor of 3 to ±6 s −1 at low field in the 30.7± 13.5 mg/ ml Pf1 sample by using simulation to extract ␥ Q J͑0͒ values. Although at first glance this discrepancy suggests a breakdown in the perturbation theory that used to generate the equations in Sec. V, the similarity between the FIT and SIM results at higher magnetic field in the same sample and at both fields in the 15.3± 6.8 mg/ ml Pf1 sample is not consistent with this idea. Rather, this ±20 s −1 error noticed in the FIT ␥ Q J͑0͒ value and the elevated error noticed for all ␥ Q J͑0͒ values in Table II in comparison with the error for all other ␥ Q J͑ 0 ͒ and ␥ Q J͑2 0 ͒ values measured here are due to the decreased signal-to-noise noticed in the C sat ͑t͒ and C dq ͑t͒ transient signals shown in Figs. 6͑d͒, 6͑j͒, 6͑e͒ , and 6͑k͒ and in Figs. 7͑d͒, 7͑j͒, 7͑e͒ , and 7͑k͒ in comparison with the remainder of the data that is used to estimate the ␥ Q J͑ 0 ͒ and ␥ Q J͑2 0 ͒ rates. Regardless of the error source, the similarity between the FIT and SIM values in Table II suggests that the arguments used to justify the derivation of Eqs. ͑5.5͒, ͑5.6͒, ͑5.11͒, ͑5.12͒, ͑5.15͒, and ͑5.18͒ are valid. As mentioned above, the entries in Table II indicate that ␥ Q J͑ 0 ͒ = ␥ Q J͑2 0 ͒ within experimental error, consistent with the earlier hypothesis that the J rod ͑2 0 ͒ contribution to relaxation is negligible in comparison with the primary J iso ͑2 0 ͒ and J rod ͑0͒ relaxation sources. Thus the J͑ 0 ͒ and J͑2 0 ͒ spectral densities are reduced to their J iso ͑ 0 ͒ and J iso ͑2 0 ͒ isotropic values. Since c is in the picosecond to nanosecond time regime for the isotropic contribution to relaxation and the values of J͑ 0 ͒ and J͑2 0 ͒ do not appear to vary with field as shown in Table II , the extreme narrowing limit applies, and the equality J iso ͑ 0 ͒ = J iso ͑2 0 ͒ is consistent within experimental error to the values shown in the sixth and seventh columns of Table II . This equality in the extreme narrowing limit also applies to the dc component of the isotropic contribution to relaxation yielding J iso ͑0͒ = J iso ͑ 0 ͒ = J iso ͑2 0 ͒, thus permitting the Pf1 contribution to relaxation ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ to be separated from the ␥ Q J iso ͑0͒ isotropic contribution to relaxation since ␥ Q J͑0͒ = ␥ Q J iso ͑0͒ +64͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ according to Eq. ͑4.11͒ and the definition of the ␥ Q parameter. The values listed in Table III reflect this calculation by further refining the data shown in Table II by averaging the FIT and SIM values at each concentration and magnetic field. Again the error estimates shown in Table III for the lower 6.95 T magnetic field values are increased in comparison with the higher 9.4 T values as a reduced number of experiments were performed at the lower field. Although the ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ values shown in Table III are roughly an order of magnitude lower than the corresponding ␥ Q J iso ͑n 0 ͒ rates, the multiplicative factor of 64 from the matrix elements of the T 0 ͑k͒ squared terms in Eq. ͑4.10͒ magnifies the overall contribution of the Pf1 dependent term to the total observable relaxation rate ultimately making it at least a factor of 2 larger than the isotropic portion of the measured rate.
Before considering the relationship of the ͗ rod ͘ residual quadrupolar coupling and the ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ rate to Pf1 electrical properties, it is useful to explore the meaning of the ␥ Q J iso ͑n 0 ͒ values. Since the measured data suggest that the extreme narrowing limit applies 0 c Ӷ 1 forcing There is a further distinction between the ␥ Q J iso ͑n 0 ͒ isotropic phase rates reported here and those anticipated for a solution having the same sodium ion concentration in water. In addition to providing a measurable change in the electrical properties of the solution probed by the ͗ rod ͘ and ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ contributions to the 23 Na NMR signal, the Pf1 has the added effect of increasing the bulk viscosity of water and of course changing the hydrogen bonding capacity and ultimately the dielectric constant of water. 19, 27 Therefore, although there is an isotropic contribution to the 23 Na relaxation, it is not reasonable to expect that this background relaxation compare to a similar solution with the same sodium ion concentration without Pf1.
Both the measured residual quadrupolar coupling constant ͗ rod ͘ shown in Table II and the measured ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ contribution to relaxation shown in Table III can be directly compared to the theory outlined in Sec. IV. The fourth column in Table IV shows the residual quadrupolar coupling constant ͗ rod ͘ obtained by averaging the FIT and SIM values shown in Table II . The fourth column also includes theoretical estimates obtained by numerically solving the Poisson-Boltzmann equation ͑4.1͒ for the potential V͑r͒ and determining the average ͗V rr ͘ shown in Eq. ͑4.5͒ with ln͓P͑r , ϱ͔͒ =−eV͑r͒ / kT as ͗ rod ͘ = ͑1.25ϫ 10 −15 m 2 /V͒ ͑1−␥ ϱ ͒ ͗V rr ͘ since the fundamental charge is e = 1.6 ϫ 10 −19 C, Planck's constant is ប = 1.06ϫ 10 −34 J s / rad, and the quadrupole moment is Q =1ϫ 10 −29 m 2 for the I =3/2 23 Na nucleus. 35 The 95% confidence limits on the ͗ rod ͘ theoretical values in Table IV are established by the uncertainty associated with the measured Pf1 concentration, an error that changes the cylindrical cell size 2R and the number of free positive ions N + needed to preserve electroneutrality. The fifth column in Table IV shows the experimental ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ rates obtained from Clearly there are several factors that relate the ͗ rod ͘ and ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ experimental values to theory, specifically, the separation of the Pf1 particles 2R, the surface charge of the Pf1 −, the ionic strength or equivalently the total free ion number density N + + N − , and the dielectric constant of water . The theoretical values included in Table IV intentionally avoid invoking artificial estimates of these parameters. For example, the Pf1 separation 2R = 35. In reality the only real variable parameters in the theoretical estimates shown in Table IV are the dielectric constant , a quantity known to decrease substantially from its pure water value in the presence of salt, the Sternheimer antishielding factor ͑1−␥ ϱ ͒, and the diffusion coefficient D. Agreement between experiment and theory is found by choosing = 80, ͑1−␥ ϱ ͒ = 10.8, and D =3ϫ 10 −8 cm 2 / s for the diffusion coefficient for the Na + ion in Pf1 solution. It is encouraging to note that anticipated values for and ͑1−␥ ϱ ͒ ͑Refs. 19, 27, and 36͒ provide theoretical values in agreement with experimental measurements, as shown in Table IV . As mentioned above, it is known that high ionic strengths disrupt the hydrogen bonding network in water thus lowering the dielec- [38] [39] [40] as only the radial or most "congested" direction in the nematic Pf1 liquid crystal aligned along the +z direction is explored by spin relaxation in Pf1 solutions, and the reported diffusion coefficients are for isotropic motion along all three orthogonal directions.
Some comment regarding the quality of the agreement between experiment and theory shown in Table IV is required. It should be clear that the 95% confidence limits on the ͗ rod ͘ and ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ experimental values in Table IV Table IV are not derived from the same random uncertainty. Rather it is the uncertainty in the Pf1 concentrations that leads to uncertainties in the cylindrical cell size 2R and the positive ion density N + necessary to maintain electroneutrality that leads to the error bars on the theoretical values. Specifically, the calculation of the ͗ rod ͘ and ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ values is accomplished at the reported average Pf1 concentration and at the maximum and minimum concentrations described by the 95% confidence limits. Given these definitions, it is clear that the average theoretical values for both the ͗ rod ͘ and ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ parameters at the higher 30.7 mg/ ml Pf1 concentration are within the experimental error of the measurement. A similar agreement between the measured and average theoretical values is not observed for the lower 15.3 mg/ ml Pf1 sample. The source of this minor deviation between experiment and theory for the lower 15.3 mg/ ml Pf1 concentration is most likely an error in measured concentration since the 95% confidence limits on the theoretical values for ͗ rod ͘ and ͑͗ rod 2 ͘ − ͗ rod ͘ 2 ͒J rod ͑0͒ easily accommodate the measured averages. It is clear that the largest error in this study is in the Pf1 concentration due mainly to the extremely high viscosity of the Ϸ1 ml of the 61.3± 27.0 mg/ ml Pf1 stock solution. 34 Regardless of the source of this Pf1 concentration error, the similarity between average experimental and theoretical values at high Pf1 concentration and the ability of the theory to reliably predict experimental values at low Pf1 concentration when including the concentration uncertainty suggests an overall good agreement between experiment and theory.
Finally, it is important to compare the results developed in Sec. V to the similar analysis by Jaccard et al. 8 It is clear that the two approaches involving the isolation of commuting sub-blocks of the Liouvillian yield identical results in some cases. For example, the form for P cent ͑t͒ derived here can be directly related to the differences in population eigenvectors obtained in that study. Similarly, the functional form for C tq ͑t͒ obtained in that study is identical to Eq. ͑5.18͒. However, Jaccard et al. 8 only considered the limit where the J͑n 0 ͒ spectral densities are governed by exponential correlation functions and the situation where residual quadrupolar splittings are not present. This second point is the purpose of that manuscript, to explore multipole line shapes established by relaxation allowed multiple quantum transitions in I Ͼ 1 / 2 systems and to extract effective quadrupole coupling parameters from relaxation dynamics. Indeed in the limit of nonvanishing ͗ rod ͘ values, C dq ͑t͒ and C sat ͑t͒ damp at the ␥ Q ͑J͑0͒ + J͑ 0 ͒ + J͑2 0 ͒͒ rate, as shown in Eqs. ͑5.14͒ and ͑5.15͒ and Eqs. ͑5.10͒ and ͑5.12͒. As a comparison, when ͗ rod ͘ =0, C dq ͑t͒ does not oscillate in time and damps at the ␥ Q ͑J͑0͒ +2J͑ 0 ͒ + J͑2 0 ͒͒ rate consistent with Jaccard et al. 8 as ͗ rod ͘ Ӷ J͑n 0 ͒, and the perturbation theory applied in Sec. V is not valid. In addition to these differences between the two approaches, the emphasis of the work reported here is the derivation of modifications to J͑0͒ made by charged polyelectrolytes such as the Pf1 bacteriophagemodifications to exponential correlation functions that can be calculated from standard nonequilibrium statistical mechanics.
IX. CONCLUSION
The purpose of this manuscript was to explore the fundamental basis for the deviation of the J͑0͒ spectral density function from its isotropic J iso ͑0͒ value in the relaxation of 23 Na nuclear spins mediated by the presence of the Pf1 liquid crystalline phase. The initially peculiar deviation of J͑0͒ from its isotropic value when measurements dictate that J͑ 0 ͒ and J͑2 0 ͒ retain isotropic character in the extreme narrowing limit was explained by the radial diffusion of 23 Na nuclear spins in the electric field gradient produced by a charged cylindrically symmetric Pf1 particle aligned with the long axis parallel to the static magnetic field used to observe magnetic resonance.
One obvious extension of this work is the study of residual quadrupolar coupling constants and NMR relaxation rates in liquid crystals having different symmetry cells. One example is the phospholipid bicelles where an oblate ellipsoidal cell can be defined. 27 Here a disklike shell described by the expansion factor defines the cell that encloses the phospholipid bicelle, 27 much like a cylindrical cell described by the radius R that encloses the rodlike Pf1 polyelectrolyte. It has been shown that solutions to the Poisson-Boltzmann equation for V͑͒ can be used to calculate the field gradient in the oblate ellipsoidal cell and thus reproduce experimental residual 23 Na quadrupolar coupling constants in bicelle solutions. 27 The approach used in Sec. IV for cylindrical symmetry can be extended to include the oblate ellipsoidal case in order to provide alternate corrections to the J iso ͑n 0 ͒ spectral densities. The treatment in oblate ellipsoidal coordinates is necessarily more difficult than in the cylindrical situation presented in Sec. IV as the expansion factor r for Pf1 is perpendicular to the magnetic field B 0 while the factor in the bicelle case has some projection along B 0 . Consequently, the analysis leading to Eq. ͑4.3͒ for Pf1 particles is more complicated for the bicelle.
Another potential extension of this work is related to the study of ion binding sites by NMR spectroscopy using aqueous phase liquid crystals. In the case where the NMR spectrum of the ion is used as a structural probe, a complete understanding of the spin dynamics in the liquid crystal is required prior to addition of the ion binding construct. If the modification to the J iso ͑0͒ spectral density of the metal ion were not recognized and its origin not understood, the effect could be misinterpreted and mistakenly assigned to an electronic feature of the added ion binding site construct. In fact, differences in both J͑ 0 ͒ and J͑2 0 ͒ in addition to ͗ rod ͘ and anticipated second order quadrupole shifts proportional to Im͕J͑n 0 ͖͒ can be used to probe the electronic structure of an added ion binding macromolecule.
It is clear that studies like the one reported here may be used to study polyelectrolyte surfaces. Indeed the intimate relationship between statistical mechanics and measurable NMR parameters makes this type of study possible. Although this was not the intent of this work, it is reasonable to expect that a higher level theory that accounts for both local ion condensation effects and macroscopic properties in a more robust and appropriate way 41 will translate into a modification to computed NMR properties. In closing it is reassuring that even the primitive Poisson-Boltzmann approach coupled with the Fokker-Planck equation reproduces experimental results.
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